INFORMATION THEORY AND CHANNEL CODING
LECTURE 8

e BCH codes
— BCH codes: MWST7 (not MWS7.7), MWS9.1-5
— Decoding BCH codes: MWS9.6, (MWS9.7)

e Reed-Solomon codes

— RS codes: MWSI10, selected parts

BCH CoDESs

e Definition: Consider a cyclic code C of length n over GF(q), let
m be the smallest integer such that n|¢™ — 1 and let o € GF(¢™)
be a primitive nth root of unity. Then C is a BCH code of
designed distance ¢ if for some b > 0 it has generator polynomial

(x) = lem {p® @)p ") (@)p*+ 2 (@)}

— A BCH code is said to be
x narrow sense if b =1
* primitive if n = ¢"™ — 1 (= « primitive in GF(¢™))
e Theorem: A BCH code over GF(q) of length n and designed
distance § has dpi, > 0 and dimension k > n —m(§ — 1).
— Forg=2,b=1and § =2t + 1, it holds that &k > n — mt.
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THeE BCH BounD

e Theorem: Let C be cyclic of length n with generator polynomial
g(x) over GF(q). Let m be the smallest integer such that
n|l¢g™ — 1 and let @ € GF(¢™) be a primitive nth root of unity.

Then, if for some integers b > 0 and § > 2 all the elements
ab’ab+17 . 7ab-s-<5—2

in GF(¢™) are zeros of the code, it holds that dpy, > 0.

0 — 1 consecutive zeros = dyin > 0

FURTHER RELATIONS BETWEEN CODE
PARAMETERS

e True minimum distance dpyin: A BCH code C;
— Forg=2,6=1,n=2"—1 and § = 2t + 1 the code has
Amin = 2t + 1 if
o
> (7) >
i—o \!
— If b=1 and n = dp for some p, then dpi, =0
—Ifb=1,n=¢™ —1and d = ¢P — 1 for some p then, dnj, = ¢
— Ifn=¢™ —1 then dyjn < ¢d —1
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e Dimension k: A BCH code C;
—Forg=2,6=1,n=2"—1and § =2t + 1, with
2t —1 < 2[™m/21 4 1, it holds that k = 2™ — 1 — mt
— n — k (degree of g(x)) is the number of i’s in the range
1 < i < ¢™ — 1 such that some cyclic shift of the g-ary
expansion of 7is < 4§ — 1

— Forb=1,n=¢™ — 1 and if § = ¢? for some p it holds that

S
k< Z a;p;’
=0

with s = m — p where ay,...,as and pg, ..., ps depend on s
but not on m. Also |0;] < q.

BCH CobpES CANNOT ACHIEVE CAPACITY

e Theorem: There does not exist a sequence of [n, k,d] primitive
BCH codes over GF(q) with both d/n and k/n bounded away

from zero as n — oo.
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EXAMPLES

e Binary Hamming code: Narrow sense and primitive binary BCH
code with n = 2™ — 1, for some m > 1, and ¢g(z) = a primitive
polynomial in GF(2™). Designed distance 6 = 3 = true dpin

e Hamming code over GF(q): A narrow sense and primitive BCH
m

code, with m smallest integer such that n|¢™ — 1, m and ¢ — 1
relatively prime, and g(x) = primitive polynomial in GF(¢g™).
Designed distance § = 3 = true dpyin

e Narrow sense and primitive binary BCH code with § = 5: Let
n =2" —1 and « primitive in GF(2™). With g(z) =
pM (2)p®)(z) we get 6 =5. E.g.,, n =15 =

g@)=1+z+2M1+z+ 2%+ 23+ 2%

For this code, n =35 = dpj, =0 = 5.

DEcODING (BiNARY) BCH CODES

e Let C be a narrow-sense (and primitive) [n, k, d] BCH code over
GF(2) of designed distance 6 = 27 + 1.

e Let a € GF(2™) be a primitive nth root of unity, with m the
smallest integer such that n|2™ — 1

e Assume a codeword ¢ = (¢, ...,c,—1) € C is transmitted over a
binary (memoryless) channel, resulting in

Y= (Y0 Yn-1) =c+e
with e = (eg,...,en—1) € GF"(2) of weight w
e Polynomials:

n—1 n—1 n—1
c(x) = Z emax™, y(x) = Z yma'™, e(x) = Z ema™

m=0 m=0 m=0
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e The error locator polynomial o(x): Assume that the non-zero

components of e are e;,,...,e;, , and let
w
o(z) = [](1 - X:2)
r=1

where X, = a'r are the error locators

— Roots of (z) in GF(2") known — e known
e Decoding:

1. Compute A; = y(at), i=1,...,6 — 1

2. Find o(z) from Aq,..., As—1

3. Compute the roots of o(z) — e(x)

— Will correct all errors of weight w < 7

— Polynomial (not exponential) complexity!
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e Compute o(z) from A;, i=1,...,6 — 1

— Newton’s identities (tailored to this problem):

1 0 0 o o --- 0 o1 A

Ao Aq 1 o o0 -- 0 o2 As

A4 A3 AQ Al 1 e O g3 A5
Asw—s  Asw—s - c Aw-3 Ow—1 Azw—3
_A2’w72 A2w73 e e A’wfl_ L Tw ] _A2w71_

aslongasw <17=(6—1)/2
— {A;} — o(z) not unique = choose o(z) of lowest degree,
* iterative technique described in MWS (c.f., Theorem 14)

— Newton’s identities not feasible for large 7’s = use instead
the Berlekamp algorithm to find o(2)...

e Compute the power sums A;, i=1,...,6 — 1:

— Divide y(x) by the minimal polynomial p(¥)(z) of o,

y(x) = q(x)p (@) + r(2),

and set z = ' in the remainder r(z), 4; = y(a?) = r(a?)

* Easily implemented in hardware using less calculations than
computing y(a') directly from y(z)...

* Equivalent to computing the syndrome of y(z). ..

— Note that
Ai=yla)=e(a) =) X, i=1,...6-1
j=1

(“power sums”)
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e Find the roots of o(2):
— An error in coordinate i <= o(a~?) = 0;
* simply test o(a™) =0 for i = 1,...,n (Chien search)

e Nonbinary BCH codes: Same principles apply, some additional
concepts found in MWSS8 however needed. . .

e More than 7 errors: The approach described only works for

<7 =(§—1)/2 errors, i.e., full nearest neighbor decoding is not
implemented;

— Complete NN decoding algorithms (of polynomial complexity)
known in many cases, but need often be tailored to specific
codes. . .

— Full search NN decoding always possible, but has exponential
complexity. . .
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REED-SOoLOMON CODES

e Definition: A Reed—Solomon (RS) code over GF(q) is a BCH
code of length N = ¢ — 1, that is,

g(z) = (z — ") (@ — ") (& — a2

for some b > 0 and 6 > 2, and with « primitive € GF(q)
— Zeros and symbols in the same field, GF(q)
— Dimension K =N —§ +1
— The Singleton bound dypin < N - K +1 =
* dpin = 0

* maximum distance separable code

DeEcobpinGg RS CODES

e RS codes are BCH codes: Decode as non-binary BCH codes. . .

e Alternative majority logic decoding: See MWS10.10. ..
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EncobpinGg RS CODES

e RS codes are cyclic: Encode as (non-binary) cyclic codes. ..
o Alternative: Assume an [N, K| RS code, and let

u(z) = up +ure + - +ug_ 1!
correspond to the message symbols ug, ..., ux_1 € GF(q), then

c(z) = u(l) + u(a)z + ul@®z® + - + u(a™ Nt

is a codeword.
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