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Abstract— We propose a distributed algorithm that solves
a special class of optimization problems using only peer-to-
peer communication. One application is parameter estimation
problems in sensor networks. Current decentralized algorithms
for solving this class of optimization problems typically rely
on passing around a parameter estimate in a ring consisting
of all network nodes. In our algorithm, which extends the
randomized incremental subgradient method with fixed stepsize
due to Nedi¢ and Bertsekas, nodes maintain individual estimates
and need to exchange information only with their neighbors.
We establish approach of the solution to an interval around the
optimum value. We illustrate the algorithm’s performance, in
terms of convergence rate and communication cost relative to
alternative schemes, through several numerical examples.

I. INTRODUCTION

Many tasks of wireless sensor networks, including esti-
mation, detection, localization, and resource sharing, can be
cast as optimization problems (see, for example, [7] and [3]).
To solve these problem optimally without relying on a single
node (hence increasing system robustness) and minimizing
the energy consumption needed for signalling and coordi-
nation, there is a desire to devise decentralized algorithms
that can provide this functionality in sensor networks. This
paper proposes an optimization approach that solves a rather
general optimization problem, applicable to many of the tasks
outlined above, relying only on peer-to-peer communication.

A. Problem Formulation

We consider the following specific class of optimization
problems
minimize vazl fi(xi,0)
O,ml,...,mN
subjectto x; € &;, 1=1,...
6 € 0o.

N )

Here f;(x;,0) is a cost function associated with node 4,
x; is a vector of variables local to node 7, and X is the
feasible set for the local variables. The set © is the feasible
set of a global (network-wide) decision variable . Although
our algorithms are readily extended to the vector case, we
will assume that 6 is scalar to simplify notation. We assume
that f; are convex functions and that X; and © are convex
sets' with non-empty interior. Associated to the problem is a
communication topology represented by a graph G = (V, €)
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with vertex set V = {1,..., N} and edge set £ C V x V.
The presence of an edge (i,7) in £ means that node 4 can
communicate directly with node j, and vice versa. The graph
G has N nodes (vertices).

Although the communication structure is dictated by G,
one can structure the inter-node communications for com-
puting the optimizer (x, §) in many ways. The most obvious
way is a centralized approach where nodes pass information
about (f;,X;) to a central node that solves the convex
optimization problem (1) using, for example the techniques
in [3], and distributes the solution to the nodes. This solution
is sensitive to the failure of a single node (the central node),
requires individual nodes to reveal their cost functions and
constraint sets, and demands potentially complex information
transfer from nodes to the computational unit. Another
alternative uses estimate passing: the nodes are organized
in a ring, and the current estimate of the optimizer is
passed from one node to the other [7]. There also exists a
randomized version where the estimate is sent to a randomly
chosen node in the network [1]. When a node receives the
current estimate, it performs a local update accounting for
its own cost function and constraints, before passing the
modified estimate to the next node. In this approach, nodes
do not need to reveal their private objectives and constraints,
but the method requires reliable communications (typically
over multiple hops) as the messages conveying the current
estimate must not be lost.

Our approach is an extension of the randomized version
of the estimate passing scheme. Instead of nodes sending the
estimate to a randomly chosen node in the whole network,
we show that it is sufficient to send to a random neighbor.
Thus, our scheme can be implemented without relying on
complex and energy consuming multi-hop communications.
The transition probabilities, which determine how the pa-
rameter estimate is passed around in the network, can be
computed using local network topology characteristics.

B. Related Work

A similar problem formulation for sensor network appli-
cations is considered by [7] and [8]. In [7], the incremental
subgradient method (see for example [1]) is applied to the
primal problem formulation. The result is an algorithm where
a parameter estimate is circulated in the network, and each

IThe optimization problem is especially easily solved if the sets are
described by upper and lower bounds or by quadratic constraints. If the
sets are more complicated, the algorithm we develop still works, but the
computational burden on each node will significantly increase.
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node refines the estimate. This approach is extended in [8],
into an algorithm that exploits the clustered structure of many
sensor networks: within each cluster, the primal incremental
subgradient method is used to reach consensus of the optimal
parameter estimate, given the data in the cluster. The clusters
then fuse their estimates, and the optimization within each
cluster is repeated. This scheme is iterated until convergence
is reached. A related problem formulation for the case of
distributed least-squares estimation in sensor networks is
investigated in [9]. In that paper, a peer-to-peer approach
is combined with consensus algorithms.

Subgradient algorithms with randomization and dimin-
ishing stepsizes (also called stochastic quasi-gradient meth-
ods) are well-known in stochastic optimization theory [4].
However, our approach is an extension of the less known
randomized incremental subgradient algorithm with fixed
stepsize [1], [6].

C. Outline

We start with presenting our algorithm and proving its
convergence properties in Section II. We then describe some
extensions to tackle practical issues in Section III. In Sec-
tion IV, we focus on the specific problem of parameter
estimation via Huber norm minimization. Our approach
is compared with other algorithms. Finally, the paper is
concluded with Section V.

II. PEER-TO-PEER OPTIMIZATION ALGORITHM

We rewrite (1) as

minignize vazl q:(0) )
subject to 6 € ©,

where ¢;(0) = ming,cx, fi(x;,0) and we introduce ¢* as

the optimal value of (2) and ¢(0) = vazl qi(0). Let each

(convex) component g;(-) have a subgradient g;(6) at 6

and assume that each of these subgradients are bounded as

follows

lg;(0)| < C forall f € © and all i = 1,..., N.

We now develop an extension of the randomized incremen-
tal subgradient method (RISM) [1]. The update equation of
the estimate, 6y, of the optimizer is

Or+1 = Po {0k — aguw, (Or)}, 3)

where Po{-} denotes projection on the set © and o > 0 is
a fixed stepsize. In the standard RISM, the random variable
wy, is IID and takes on values from the set {1,..., N} with
equal probability. This means that the estimate is passed
around between randomly chosen nodes in the network, and
successive estimates could be updated by nodes possibly
several hops away. Intuitively, we should save energy spent
on communication if the estimate is sent to a neighboring
node instead, and this is precisely what we can do when
we let wy be the state of a Markov chain corresponding to
the communication structure. Thus, in our extension, wj, is
the state of a special Markov chain that takes on values in
the finite set {1,2,..., N} and has the transition matrix P.
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Algorithm 1 Peer-to-peer optimization algorithm, MRISM.

1: Initialize 6y and «. Set k := 0 and w; = 1.

2: loop

3: At node wy, compute gy, (0x) for qu, (0k).

4: 9k+1 = P(—){Qk — QGu, (ek)}

50 Send 011 to a random neighbor, w1, with transi-
tion probability according to P.

6: k:=Fk+1.

7: end loop

The speciality of the Markov chain lies in the fact that its
transition matrix respects the communication topology of the
graph G.

We assume that the Markov chain is irreducible, acyclic,
and has the uniform distribution as its stationary distribution.
This assumption means that the underlying communication
structure is connected; after a sufficient amount of time the
chain can be in any state; and that all states in the chain will
be visited the same number of times in the long run. Now the
question is how to construct the transition matrix using only
local information. It turns out there is a simple way to do this
using the so called Metropolis-Hastings scheme [2]. If the
underlying communication topology is connected, then all
assumptions on the transition matrix are valid if the elements
are set to

[Plij =

min{ -, 7-} if (i,j) €& andi#j
Yimeemax{0, ;- — g} ifi=j 4)
0 otherwise,

where d; is node i:s number of edges.

To summarize, we make the following assumptions on the
optimization problem and the Markov chain.

Assumption 1: a) The functions f;(-) are convex, and the

sets X; and © are convex with non-empty interior. b) The
subgradients are bounded as follows, |g;(6)| < C for all § €
© and all i = 1,..., N. ¢) The Markov chain corresponding
to the graph G is irreducible, acyclic, and has the uniform
distribution as its stationary distribution.
The peer-to-peer algorithm is described in pseudocode in
Algorithm 1 (MRISM, Markov randomized incremental sub-
gradient method). We now proceed to show its convergence.
The main idea of the proof is that we can look at the estimate
in one node (state). Since the Markov chain is recurrent and
has the uniform distribution as its stationary distribution, the
algorithm will return to this node and we can look at what
“happens” during such an excursion on average.

A. Preliminaries

To show convergence we need three lemmas. The first
lemma concerns the average number of visits to other nodes
over a return time.

Without loss of generality, we let wy, = 1 and let Ry (1)
be the random time (the return time) it takes for the Markov
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chain to return to state 1 for the first time, i.e.,
Ry (1)

Successive first return times to a state form an IID sequence,
because of the Markov property, and we note that the
statistics of Ry (1) will not depend on k. Furthermore, we
let vi(j) be the random number of visits to state j during
the time interval [k + 1,k + Ri(1)].

Lemma 2: Under Assumption 1, we have that

(Elvr(1)] Eop(N)]) =1}
Proof: Let the Markov chain have the following transi-

tion matrix P
P11 12
P = ,
<P21 Q >

where pi1 is the probability of staying in state 1. Due to
the definition of Ry (1) and wvy(-), it follows that vy (1) = 1.
Now consider the Markov chain with transition matrix

, (1 0
P_(P21 Q)'

This new chain has the same state space as the original and
has the first row of the transition modified from (pu P12)
to (1 0 0). This makes state 1 absorbent and every
other state transient in the new Markov chain. If the absorb-
ing chain is started in a transient state m, then the expected
number of visits to transient state n (including the starting
position), [Z],.n, is given by (the N — 1 x N — 1 matrix) [5,
Theorem 3.2.4]

:irgf{t—k:|wk:1, we=1,t>k+1}.

—(-Q

If we now consider the original Markov chain with transition
matrix P, then if we start in state 1, the expected number of
visits to the other states before returning to state 1 are given
by

(E[vk(2)] E[vx(N)]) = Pi2Z.

Thus, we have (E[v(1)] Elve(N)]) = (1 Pi2Z).
It turns out that the vector of expected visits is an eigenvector
to P since

P

=(p11 + P12ZPy1 P12Z(I - Q+Q))
=(1 Pp2),

where the last step follows from Z Py = 1x_1 [5, Theo-
rem 3.3.7], where 15_; denotes the N — 1 column vector
with all entries equal to one. The transition matrix P has
only one eigenvector with eigenvalue 1, namely the invariant
distribution [5, Theorem 4.1.6]. Since P is assumed to have
a uniform stationary distribution, we have desired result. H

The second lemma concerns the second moments of the re-
turn times, Ry (i) = infy {t — klwy =i, wy =1, t > k + 1}.

Lemma 3 ([5, Theorem 4.5.2]): Under Assumption 1, the
second moments of the return times Ry (7) are finite and are

given as ]
1 2|14
2/ o i1
E [Rk(l)] — _N + N2 bl
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(I — P +limy_oo P") !

The last lemma concerns a bounding inequality that we
will use in the main proof.

Lemma 4: Under Assumption 1, the sequence {6;}7°,
generated by Algorithm 1 fulfills

with I' =

2
E [’9k+m(z‘) —y| ‘Hk,wk} <
0k — yI* — 20 (¢ (64) — 4 (v) + @°C°K, (5)
with K < oo.

Proof: Without loss of generality, we focus on the case
where ¢ = 1. Using the definition of a subgradient and that
the subgradients are assumed to be bounded, we have for
any y € ©
101 — yI” < 10k — yI* — 209w, (1) (0x — y) + a*C?

< |97<' - y|2 — 2« (qwk (ek) — Gy, (y)) + a202'
Along the same lines of reasoning, we get the family of
inequalities
0ks1 — yl” < 10k — yI* — 20 (qu, (0k)
Y R I —
— 2« (qwk+1 (ekJrl) -

and so forth up to

- qwk (y)) + 06202,
k2
Quyyr () +*C?,

2 2
Okt ret) = Y| < |0kt ri)—1 —
22
—2a (qu+Rk<1>—1 (Or+ Ri(1)-1) — Qw11 (y))+0< o

Combining all of them together we get

2 2
Okt rocy — Y| <10k — vl
Ri(1)—1

— 20 Z

which can be rewritten as

qwarJ 0k+]) qwk+]‘ (y)) + Rk(l)OLQOQ,

2 2
—y|” < |0k —
R (1)—1

~ 9 Z
— 2« Z

Notice that

|0kt Ri1)

kaJr] 0k+]) qu)k+j (ek))

(Guir; Ok) = qury, () + Rie(1)a*C?. (6)

Qup 4 (Gk) — Quy (9k+j) < ‘gwk+j (979)’ X |9k+3 - Hk?'
< OO+ — Okl
< ajC?

This enables us to rewrite inequality (6) as follows

2
0ksmecy —y|” <160k —yl°
Ry(1)—1

— 2« Z qwk+7 ek — Quy (y)) + a2C2Ri(l)'
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Using vk (j) as defined in Lemma 2, we express (6) as
2 2
|0+ R (1) — y| < |0k — vl
— 2« Z vg(j

Now, given only the history 6, and wj we have

) (g5 (0x) — g () + *C*Ry(1). (7)

N
E ka
N

ZEvk

due to the Markov property and Lemma 2. Now let

QJ ek _QJ( )) ekawk =

(g (Ok) — g5 (v)) = g5 (O) — 45 (y) ,

K = maxE [R()]

using Lemma 3. If we combine the above parts, we have the
desired result. ]

B. Convergence

We cannot guarantee convergence for Algorithm 1, but we
can guarantee approach to the optimum value of the function
to within a computable error. Fix ¢ to be a state of the Markov
chain {w;.}. We want to show that it is possible to describe
how much closer the #-sequence gets to the optimum set on
average, every time the chain returns to the state ¢. This is a
meaningful approach since the time horizon can be counted
in terms of successive random return times to the special
state 1.

Theorem 5: Let {01} be generated by Algorithm 1. Under
Assumption 1 and with probability 1, the following holds
for all i = 1,...,N. Let the subsequence {6%} of {0} be
formed by samphng {0x} whenever {wy} visits the state i.
This subsequence fulfills

infr>0q (Qk) =q*, if ¢* = —o0
infr>0q (05) < ¢ + 2K if ¢* > —oo.

Proof: Without loss of generality, we can assume that at
time zero, the chain is in state ¢. With probability 1, all states
are visited infinitely often since the stationary distribution is
uniform, and thus we can form the subsequence {6} of {6y}
by sampling it whenever {wy} visits the state .

Now the proof proceeds similarly as the proof of Propo-
sition 3.1 in [6]. Given a positive integer M, let yy; € O be

such that
() =9
M) = q*—|—%, if ¢* > —o0.

Consider the level set Ly, defined by

1 aC?*K
M 2 '

L = {0 0fu®) < atuan) + 5 +
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This set includes y,;. We now derive a new sequence from
{6i}. Define the sequence {s;} as follows

0; if@;%LMngk
S =
¥ ym  otherwise.

When sy, ¢ Ly, by setting y = yps in (5), we get

{si}0, {wj}g} < sk — yul?
+a?C?’K — 2a(q (sk) —q(ynm)) -

On the other hand, whenever s; € Lj;, the sequence is
forced to stay at ys, and we have the trivial inequality

E |:‘5k+1 - yM|2

K [|Sk+1 - yM\Q‘{Sj}’& {U’j}]g] <|sk—yml* +0.
If we define zj; through
~J2a(q(sk) —q(ym)) — a®>C*’K  ifsp & Ly
L = ]
0 1fsk S LM.
we can write
E [Iskn = | {5536, {w5}] < lsw = yar* = 20, R
When s;, ¢ Ly, we have
aC?’K
2 9y

(a(s1) — aloa) 2 57 +

which is equivalent to
2c0
2a(q (sk) — q (yar)) — @?C*K > i

Hence, z; > 0 Vk, and by the Supermartingale Convergence
theorem [1, Proposition 8.2.10], we have with probability 1
that -,z < oo, which means that with probability 1,
zr = 0 for all & greater than some finite number. This is
true because the series 3\—? k o 1 is divergent.

This means that with probability 1, the sequence {s}

equals y,s starting from some finite value of k. Thus,

, . M+ 4+ 0K g = oo
inf ¢ (ek) <9 . 2, ac?K
k>0 ¢+ 5+ 95

By letting M go to oo, we are able to prove the theorem. B
Corollary 6: With probability 1, the following holds for
the sequence {6} generated by Algorithm 1

, if ¢* > —o0.

infj>o ¢ (0x) = ¢*, if ¢* = —o0
infr>0q (k) < ¢* + #, if ¢* > —o0.
This corollary is valid because the infimum over a subse-
quence cannot be lower than that over the original sequence.

III. EXTENSIONS

According to Theorem 5, the best estimate at each node
will be in a interval around the optimal value. However, it
is impossible to find out which the best estimate is in a
decentralized way. A pragmatic solution is to use the estimate
last computed by the node,

{ Grr1(J) = Ok
Pr11(5) = or(f)

if wgy1 =37
otherwise,
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where ¢ (j) is the local estimate of the optimizer for node
7 at time k. However, there are two problems with this
approach: oscillations and bias.

As we will see in the numerical examples, Section IV, the
local estimates in each node usually oscillate. One way to
mitigate this problem is to form the local estimate, ¢y(j),
in each node by taking the mean value of the estimates
that have passed the node. However, if we desire to track
a changing parameter, then the mean should be taken over a
fixed window.

The second problem, bias, occurs if the network is large
and sparsely connected. Then the estimate will take a long
time to traverse the network, and the estimate could get stuck
in one area. This means that some nodes will not receive any
updates and the estimates will be biased. A simple way to
tackle this predicament is to pass around several estimates.
More precisely, we execute several independent versions of
MRISM in parallel. The local estimate can be formed by
taking the arithmetic mean of a fixed number of the most
recent estimates that pass through the node. This average
is computed at a node without regard to which instance of
the MRISM algorithm that produced the estimates. This will
hasten convergence and promote exploration of the network.
However, the energy consumption will also increase.

A potential threat to the algorithm is that estimates can
be lost while in transit. Due to the decentralized nature of
the algorithm, it is impossible to know if the estimate is lost
or just being passed around in a distant part of the network.
This problem can be solved using the following scheme: If a
node has not received an estimate within a fixed time frame,
then it initiates a new estimate, for example its own local
estimate, and starts passing it around.

IV. NUMERICAL EXAMPLES

We investigate the performance of Algorithm 1 (MRISM)
and its extension to multiple estimates (MMRISM, multiple-
MRISM) by comparing them with existing algorithms in
two sensor networks with different topologies. In MMRISM,
we use three estimates and take the average of the 10 last
estimates that has passed each node as the local estimate. We
compare with the RISM and the deterministic incremental
subgradient method (ISM).

The objective is to solve the optimization problem (2) with
q:(0) = 231‘11 h(0 —y.;), where y;; is the j:th measurement
for node ¢ and h(-) is the Huber norm, which is an alternative
to the Euclidean norm. Seeking an estimate that minimizes
the aggregate Huber norm of deviations from data results in
less sensitivity to outliers in the data compared to that for the
Euclidean norm. The Huber norm is a differentiable convex
function and is defined as follows

192
20 0] < B
o ={ 2
=500~ ez
where ( is a positive tuning parameter. This implies that
the subgradient (gradient in this case) is bounded as follows,

|[Vq;(0] < 105. We assume that each node have 10 mea-
surements according to y;; = 10 + 10e;;, where {e;;} is an
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Fig. 1. Topology of the random 10
node network.

Fig. 2. Topology of the random 40
node network.

—ISM
03 ——RISM
‘‘‘‘‘ MRISM
025 - = =MMRISM

PPN Lt Y LOE 7
e v Vs gaTary
. . R OK Pl )
50 100 150 200 250 300
Time

Fig. 3. Performance in the random 10 node network.

IID collection of Gaussian random variables with zero mean
and variance 1. Each node also has one outlier, which is a
Gaussian random variable with zero mean and variance 50,
in its data. The stepsize is set to o = .05.

We use the average normalized deviation from an opti-
mizer Zf\il ||%H as performance metric. The energy
consumption is assumed to be proportional to the distance”
the estimates have travelled when passed around in the
network.

We investigate the performance for 2 random networks
with 10 and 40 nodes, respectively. The nodes are randomly

Note that this is an optimistic measure of communication cost, as in most
wireless networks the required energy expenditure increases as distance®™
for o € [2,4].
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Fig. 4. Energy consumption in the random 10 node network.
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TABLE I
THE MEAN AND VARIANCE OF THE AVERAGE PERFORMANCE (AP) AND
THE ENERGY CONSUMPTION (EC) IN 1000 REALIZATIONS FOR THE 10
NODE RANDOM NETWORK.

ISM RISM MRISM  MMRISM
Mean(AP)  0.243 0.244 0.244 0.0808
Variance(AP) - 0.0000147  0.0000225 0.000876
Mean(EC)  169.0 154.0 88.9 266.0
Variance(EC) - 48.7 31.7 91.1
—ISM
0.06 ——RISM
/AR RC VP T MRISM
0,051 = = =MMRISM
i 0.04
cE
= 0.03
W
0.02
0.01
200 400 600 800 1000 1200
Time
Fig. 5. Performance in the random 40 node network.

placed in a 1 x 1 area, and only nodes that are at most
radius r apart can communicate with each other. The radius
r is increased from zero until the network is connected.

The topology, performance, and energy consumption of
the 10 node network is shown in Fig. 1, Fig. 3, and Fig. 4, re-
spectively. The performance plot suggests that the MMRISM
has the best performance and the others are tied. However,
it turns out that the performance is highly dependent on the
realization. In order to capture the average efficiency, 1000
realizations were simulated and the average performance
and energy consumption for each of these realizations were
saved. Now we know how the average performance and
energy consumption depend on the realization. To get a
compact measure, the average and variance of these time
series were evaluated, see Table I. The MMRISM has the best
performance also in this average respect. The performance of
the MRISM is still tied with the other two, but the MRISM
has much lower energy consumption.

The topology, performance, and energy consumption of
the 40 node network is shown in Fig. 2, Fig. 5, and Fig. 6,
respectively. The performance plot suggests that the MRISM
and MMRISM perform worse than the deterministic and
stochastic. This is also verified in the 1000 realization
average, presented in Table II. However, the MRISM and
MMRISM both have significantly lower energy consumption.

V. CONCLUSIONS

We propose a distributed algorithm, MRISM, that solves
a special class of optimization problems using only peer-to-
peer communication. Our algorithm extends the randomized
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Fig. 6. Energy consumption in the random 40 node network.
TABLE 11
THE MEAN AND VARIANCE OF THE AVERAGE PERFORMANCE (AP) AND
THE ENERGY CONSUMPTION (EC) IN 1000 REALIZATIONS FOR THE 40
NODE RANDOM NETWORK.

ISM RISM MRISM  MMRISM

Mean(AP)  0.00840 0.0103 0.0141 0.0155
Variance(AP) - 0.00000126  0.00000532  0.0000386
Mean(EC) 545.0 574.0 168.0 505.0
Variance(EC) - 82.9 13.8 40.4

incremental subgradient method with fixed stepsize due to
Nedi¢ and Bertsekas. The main merits of the proposed
algorithm is its simplicity and energy efficiency through the
strategy of one-hop estimate passing.

The numerical examples clearly show that the MRISM
saves a significant amount of energy. The optimization
performance of the MRISM is well on par with the other
existing algorithms. We can also see that the use of multiple
estimates, MMRISM, boosts initial convergence, and in some
cases also the overall rate of convergence.
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