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Abstract. We present an algorithm that generalizes the randomized incremental subgradient
method with fixed stepsize due to Nedi¢ and Bertsekas. Our novel algorithm is particularly suitable
for distributed implementation and execution, and possible applications include distributed opti-
mization, e.g., parameter estimation in networks of tiny wireless sensors. The stochastic component
in the algorithm is described by a Markov chain, which can be constructed in a distributed fashion
using local information only. We provide a detailed convergence analysis of the proposed algorithm
and compare it with existing, both deterministic and randomized, incremental subgradient methods.
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1. Introduction. We consider the following convex optimization problem

minimize, YN, fu(2) (1.1)
subject to = € X, '

where f,(-) : R7 — R are convex functions and X C R” is a convex set. Let
fz) = 21]:[:1 fn(x), and let f* and z* denote the optimal value and the optimizer
of (1.1), respectively. To the problem we associate a connected N-node network, spec-
ified by the graph G = (V,&). The problem can now be interpreted as a networked
system, where each node incurs a loss f,,(x) of operating at 2 and nodes cooperate to
find the optimal operating point (the optimizer 2* of (1.1)). In other words, each com-
ponent in the objective function corresponds to a node in a network; see Fig. 1.1 for
an example setup. The goal of this paper is to devise and analyze a novel distributed
algorithm that iteratively solves (1.1) by passing an estimate of the optimizer between
neighboring nodes in the network. There is a substantial interest in such algorithms,
since centralized algorithms scale poorly with the number of nodes and are less re-
silient to failure of the central node. Moreover, peer-to-peer algorithms, that only
exchange data between immediate neighbors, are attractive, since they make min-
imal assumptions on the networking support required for message passing between
nodes. Application examples include estimation in sensor networks, coordination in
multi-agent systems, and resource allocation in wireless systems; see, e.g., [6, 12].

One popular way of solving (1.1), is to use subgradient methods, which were
pioneered by Shor [13] and recently unified in [8]. The methods’ popularity stems
from their ease of implementation and their capability of handling non-differentiable
objective functions. Another key property is that subgradient methods often can be
executed in a distributed fashion. The prototype subgradient method iteration for
constrained convex minimization is

Tpy1 = Pa{xr — aphi},
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Fic. 1.1. Ezample setup with three nodes. A line between nodes implies that they are connected.

where Px{-} denotes Euclidean projection on the feasible set X', oy is a stepsize, and
hi is a subgradient of the objective function at xy; there exist quite a few variations
and extensions, but none of them fit our needs.

Naturally, the structure of the problem can be exploited and tailored algorithms,
so called incremental subgradient methods, can be used. These algorithms are based
on the iteration

Tpy1 = Px {xk — Qg Gn,, (xk)} > (1-2)

where gy, (zr) is a subgradient of the function f,, (-) at z, defined by

In, (Tr) € Ofn, (z1) = {y E R fn,(2) = fr,.(x) + yT(z —xy), Vz € X}. (1.3)

The set Of,, (zx) is called the subdifferential. Depending on how nj and «j are
chosen, the resulting algorithms have rather diverse properties, and the stepsize, ay,
typically needs to be diminishing to insure asymptotic convergence of the iterates to
an optimizer. To the authors’ knowledge, most results on deterministic incremental
subgradient methods are covered and unified in [8]. Although these methods were
originally devised to boost convergence speed, they can also be used as decentralized
mechanisms for optimization. A simple decentralized algorithm, proposed and ana-
lyzed in [10], is to use (1.2) with a fixed stepsize and let ny cycle deterministically
over the set {1,..., N} in a round-robin fashion. We call this algorithm the determin-
istic incremental subgradient method (DISM). In [10], another variant, also suitable
for distributed implementation, is proposed: it is a randomized algorithm where ny
is a sequence of independent and identically distributed random variables which take
on values from the set {1,..., N} with equal probability. We call this algorithm the
randomized incremental subgradient method (RISM). If the problem setup permits, it
is also possible to use incremental gradient methods [1]. In all of these methods, the
iterate can be interpreted as being passed around between the nodes in the network.
Finally, (1.2) is similar to the iterations used in stochastic approximation [9]. How-
ever, in stochastic approximation algorithms, the stepsize is typically diminishing and
not fixed as it is in the algorithm we propose and analyze in this paper.

In the remainder of this paper, we will develop an algorithm that is based on
(1.2), but where the sequence nj is constructed such that only neighbors need to
communicate with each other (in techspeak, this means that the network does not
need to provide any multi-hop routing mechanism for the message passing). This is in
contrast with both RISM and DISM, where nodes far apart need to communicate with
each other. The outline is as follows: in Section 2, we present the novel algorithm, and
in Section 3 we analyze its convergence properties. In Section 4, we compare, in the
sense of performance bounds, the novel algorithm with existing algorithms. Finally,
Section 5 concludes the paper with a discussion.

2. Algorithm. We associate an N-state Markov chain, MC, with the optimiza-
tion problem (1.1). We make the following assumptions.

ASSUMPTION 1. i) The functions f, : R" — R are convex and the set X is convex
and non-empty. i) The Markov chain MC' is irreducible, aperiodic, and its stationary



distribution is uniform. iii) The subgradients are bounded,

sup{|lzllz2| z € Ofn(z), ne€l,. .. ,N,z € X} <C.

Remark: In general, the subgradients of a convex function are not bounded and
the last assumption may seem to be rather restrictive. However, in several important
cases this assumption is true, e.g., the functions f,(-) are the pointwise maximum of
a finite set of linear functions or the set X" is compact.

We are now ready to define our novel algorithm, which we denote the Markov
incremental subgradient method (MISM). The iterations are defined as follows

Th4+1 = PX {J;k — Gy, (:Ek)} ) k 2 07 (21)

where wy, is the state of MC.

Remark: The iterations (2.1) are interesting in its own right, and they generalize
DISM and RISM. As we will see in Section 4, MISM reduces to DISM or RISM by
choosing MC appropriately. However, MISM is particularly interesting in the context
of distributed implementation. As we will see in the next section, by choosing MC in
a special way, we can interpret the iterations as an estimate of the optimizer that is
passed around between neighboring nodes and thereby iteratively improved.

2.1. Markov Chain for Distributed Execution. In this section we inves-
tigate what we need to be able to implement (2.1) in a decentralized fashion. We
make the following assumptions on the graph associated with the optimization prob-
lem (1.1).

ASSUMPTION 2. The undirected graph G = (V, ) is composed of N nodes and is
connected.

The assumption guarantees that there is a path between all nodes. The question
is: how do we to construct, using only local information, the transition matrix of
MC, P, such that the iterate, xj, only jumps to an adjacent node? If the sparsity
constraints [P];; = 0 when (¢, ) ¢ £ are fulfilled, then the state of MC can only jump
from state i to state j if (¢,5) € £. The sparsity constraints therefore imply that the
iterate in (2.1) is passed to a node that is adjacent to the current node.

It turns out there is a simple way to find such a Markov chain using the so called
Metropolis-Hastings scheme, and we have the following lemma (see, e.g., [2]).

LEMMA 1. Under Assumption 2, MC fulfills Assumption 1 and the sparsity con-
straints [Pli; = 0, (4,7) ¢ &, if the elements of the transmission probability matriz of
MC are set to

min{ -, % if (i,7) €€ and i # j
[Plij = § Y pee max{0, - — -} ifi= (2.2)
0 otherwise,

where d; is the number of edges of node i.
Note that each node only needs to know its neighbors’ number of edges in order
to be able to construct its part of the Markov chain.

3. Convergence Analysis. To show convergence we need some notation and
three lemmas.



3.1. Technical Preliminaries. Denote the starting state of MC by 7. Under
Assumption 1 and with probability 1, all states in MC are visited equally often. Thus,
we can form the subsequence {Z;}72, of {x;};° by sampling it whenever the Markov
chain visits the state 4, i.e., whenever w; = 7. For example, if wy = i, ws = 7, and
ws = i, then

Wp, Wi, W2, W3, W4, Ws,

7 $17$277 ,’E4,,

Zo, Ty, T2,

where g = xg, T1 = r3, and T = x5. In addition, let R,i be the recurrence time for
state 1,

inf{t—zf;oR;'nmt:i,tzzﬁ;OR:'nH,teN},k>0
Ry =qinf{t|w, =i, t >1,teN}, k=0 (32)
0, k <0.

Successive recurrence times to a state form an independent and identically distributed
sequence of random variables, due to the strong Markov property [11, Theorem 1.4.2],
and we note that the statistics of R}C will not depend on k. Also note that R}C is
independent of Ty, ZTg_1,Tk—2,.... Furthermore, we let U,i’j be the random number of
visits to state j during the time interval [an_:lo R +1, anzo R

The first lemma concerns the average number of visits to other states over a
recurrence time.

LEMMA 2. Under Assumption 1, we have that

(E[i'] ... EpiN])) =1} andE[R}] =N, for alli=1,..,N, k>0,

where 1 denotes the N column vector with all entries equal to one.

Proof. Without loss of generality, we assume that i = 1 (we can always permute
the states). Note that the statistics of v,zc’l and R do not depend on k due to the
strong Markov property. Let MC have the following transition matrix

P11 P2
P = .
<P21 Q >
Due to the definitions of RfC and ’U,i’j , it follows that ’U;’l = 1. Now consider the
Markov chain with transition matrix

, (1 0
P_<P21 Q)'

This new chain has the same state space as the original and has the first row of the
transition modified from (p11 Plg) to (1 0 ... 0). Hence, state 1 is absorbent
and all other states are transient. If the absorbing chain is started in a transient
state m + 1, then the expected number of visits to a transient state n 4+ 1 (including
the starting position) is given by [Z]m,, with Z = (I — Q)~! € RW-Dx(N=1) [7,
Theorem 3.2.4] . If we now consider the original Markov chain with transition matrix
P, then if we start in state i, the expected number of visits to the other states before



returning to state 1 are given by (E[vly] E[viN]) = P12Z. Thus, we have
(E[vy'] ... Efuy™]) = (1 Pi2Z). It turns out that the vector of expected visits

is an eigenvector to P since
(1 PuZ)P=(pu1+PaZPn PZ(I-Q+Q))=(1 PnZ),

where the last step follows from ZPy; = 1y_1 [7, Theorem 3.3.7]. The transi-
tion matrix P has only one eigenvector with eigenvalue 1, namely the invariant
distribution [7, Theorem 4.1.6]. Since P is assumed to have a uniform stationary

distribution, we have that (1 Png) = IJTV, which is the desired result. Finally,
E[Rj] =30, Ely,"] = N. O
The second lemma concerns the second moment of the recurrence times, [E [(R}C)Q} .
LEMMA 3 ([7, Theorem 4.5.2]). Under Assumption 1, the second moment of the

recurrence time R} is finite and given as
E [(R;)Q] = 2[[],;N? — N,

with T = (I — P 4 lim,, oo P") ™"

The last lemma establishes a bounding inequality that we will use in the conver-
gence proof.

LEMMA 4. Under Assumption 1, the sequence {Zy}32,, formed by sampling the
sequence {x;}7°, whenever w; =i generated by (2.1), fulfills

Ellocn —ul3n] < la-uli - 200 @) -f@) + 2K (33)

with K = max; E {(R}C)z} < 00.
Proof. In this proof, we need to use both sequences {Z}72, and {z;}7°,, and we
need to keep track of which elements correspond to each other. For this purpose, let
k—1 3 _ _ . .
l=>,._yR;,, sothat z; = T and Ti Ri = Thetl Using the non-expansion property
of Euclidean projection, the definition of a subgradient, and the assumption that the
subgradients are bounded, we have that, for any y € X,

i1 — yll3 < Nl — yll3 — 20(gu, (@2))T (21— y) + o2C?
<l =yl = 20 (fuy (1) = fu, () + *C2.

Along the same lines of reasoning, we get the family of inequalities

i — ol < llar = l2 = 20 (fur (@1) = fur () + @*C2,
2 2
lerre = 9l < i = yl12 = 2 (furs, (@151) = furys 1)) +0*C2,

2 2
s o = o] =20 (s () g )
Combining all of them together we get

R; -1

2

2 |

o =9l < loe=l} = 20 Y (furey @4) = furs, @) + Fia*C2,
=0



which can be rewritten as

Ri—1

Jem, o < 012203 oy 1)~ v )
j=0

Ry,
- 2a Z (fwl+j (xl) - fwz+j (y)) + R;Ca202' (3'4)
i—0

Notice that

Fungy @) = fure, (@ies) < || Guns, @) ||y 2y — 2illy < Cllzigy — @, < ajC?.

This enables us to rewrite inequality (3.4) as follows

R} —1
2 k
2 i\ 2
Jovem —v, < o=yl = 20 Y (fus, @) = fure, @) + *C* (B))’
j=0

Using v;’j as defined in Lemma 2, we express (3.4) as

2 N ,
Jovem = o], < o=yl = 2030l (i (@) = £5) + a2C (RY)*. (3.5)
j=1

Now, due to the Markov property and Lemma 2, we have

N
lZv 7 (f () = £y

j=1

xz,wz] ZE% (f5 (w) = 15 () = f ()= f () -
(3.6)
Define

K= IE[ RI 2}, 3.7
e L) o0
which is known to be finite and easily computable from Lemma 3. Note that K >
E[(Ri)ﬂ = E[(Riﬁ |xl,wl} for any j € {1,...,N}. By taking the conditional
expectation of (3.5) with respect to x; and w;, and using the equations (3.6) and
(3.7), we obtain the desired result. O

3.2. Proof of Convergence. Now we are ready for the main result of this
paper.

THEOREM 1. Let {x;}7°, be generated by (2.1). Under Assumption 1 and with
probability 1, we have the following:

a) The sequence {x;}°, fulfills

{liminfl_,oo fx) = f7, if f*=—

liminf; o f(x;) < f*+ %, if f*> —o0.



b) If the set of all optimal x, X* = {x € X|f(x) = f*}, is non-empty, then the
sequence {x;}7° fulfills

aC?*K

. < p*
OrSnlléle (m) < f*+

+ 9,

where T is a stopping time with bounded expected value

N 2
Elr] < 08 (d}(s*t(ifo)) )
where dist x+(x0) = inf{||zo — yll2|y € X*}.

Proof. We begin with showing a). Denote the starting state of MC by i. With
probability 1, all states are visited equally often, and thus we can form the subsequence
{Zr}32 of {x1}2, by sampling it whenever MC visits the state i; see (3.1) for an
illustration of this sampling.

We attack the problem using a similar approach as in the proof of Proposition 3.1
in [10]. The idea of the proof is to show that the iterates eventually will enter a special
level set. For this purpose, let M and J be positive integers. We will now consider
the sequences {z;}{° ; and {Z;}° 7, where J is chosen such that the first element of
{#k}72 5 corresponds to the first element of {z;};° ;. This implies that z; = x; and
J < J.

If the function f(-) is such that sup,c f(2) < f*+ 57, then the iterates trivially
fulfill

xlé{IGX‘f(I)<f*+%},VZZO.

Otherwise, if sup,cy f(z) > f* + ﬁ, we can pick yps € X such that

-F, if f* = —o0
[ i > o,

f(yM)—{

for some F' > M. We now define the special level set, Ly, which the iterates eventu-
ally will enter,

1 aC?’K
M 2 '

L= {o e 2| < )+ 47 +

Note that this set includes yp;. To simplify the analysis, we derive a stopped sequence
from {71 }7° ; by defining the sequence {7y }72 ; as follows

L if 2; ¢ Ly Vj€{J,....k}
b Yy otherwise.

When &y ¢ Ly, by setting y = yas in (3.3) in Lemma 4, we get
E[lok —ynrl3|oewn] < o —yul} + 0*C2K = 2a(f (@) = f (yar))

On the other hand, whenever =, € Ly, the sequence is forced to stay at yus, and we
have the trivial inequality

E [Ile1 = yarll3 |, we ] < 13 = yarll3 +0.



If we define z; through

b {2a (f (38) = f (yar) — 2C2K itdy ¢ Lyt

0 ifT, € Ly,
we can write
E [||£5k+1 - yM”g‘jkawk} <&k —ymlly — 2z, VE>J. (3.8)

When zj ¢ Ly, we have

aC?
(F @0) — £ () = 37 + 250
which is equivalent to
2 = 20.(J (@) — f (yur)) — 0?C?K > 20 (3.9)

If we take the expectation of (3.8), the result is
E [lzken — yull3]) < E[lon —yuell3] ~E ], vh >,

and starting from Z 7, we recursively get

k
E ke —yarll3] < 27— yaal; — E [Z ] S VEZJ (3.0)
n=J

Furthermore, from the iterations (2.1) and the bounded subgradients assumption, we
have that ||z ;7 — yMﬂg <||Zo — yMﬂg + aJC. Let 7 be the stopping time defined as

7 =inf{t € N|Z, € Ly, t > J},

then 7 is the number of non-zero elements in the non-negative sequence {z;}7° ;.
Since zj is non-negative, the series Z;O:j zi either converges to a finite real value
or diverges to infinity. Thus, from (3.9) it follows that > ;7 7z, > 327, where the
left-hand side always is defined. By letting k go to infinity in (3.10) and using the
non-negativity of a norm, we have

0 < ||Zo — ymlls + JC — E

> 2
> ] <130 — yul} +@JC ~ TTEF (3.1)
n=J

and the bound
- M /. 2 M 2
< _ — = — — . .
E[f] <o (llxo yM||2+aJC) o (on yM||2+aJC) (3.12)

Thus, the stopping time 7 is almost surely finite and at least one element in the
sequence {7y };° ;7 will be in the set L. Since {7y }72 7 is a subsequence of {z;}7°;,
it follows that at least one element of {z;};°; will be in the set Lys;. Therefore, we
have that

1 aC?K

lnff(xl) f(yM)+M+ 5




and since the choice of J is arbitrary and the right-hand side is independent of J, we
have that

1 aC?’K
. . < —_— .

By letting M go to infinity and noting that Lemma 4 holds for all 7, we have shown
part a).

Now we proceed with part b), and the proof idea is the same as in part a); we
show that the iterates eventually will enter a special level set. If the function f(-) is
such that sup,c v f(z) < f*+ @ +dor f(zg) < f*+ @ + 6, then the claim in
b) is trivially fulfilled. Otherwise, let Ls be the level set defined by

C*K
Ls — {;vEX‘f(:C)Sf*-l-a . +5}.
Define the sequence {Z1}72, as follows

N Tk ifz; ¢ Ls Vj <k
x =
y T € X* otherwise,

where & is an arbitrary point in X*. When %y ¢ Ls, Lemma 4 gives us
E (|3 - #l3anw] < lm-al} + 0*CPK — 2a(f (@) - f (@),
Otherwise, ), € Ls, the sequence will stay at &, and we have the trivial inequality
E [[@0+1 — al13|x, we] < - &3 +o0.
By defining z; through

- 2c (f (fk) —f (,f)) —a?C?’K  if3y, ¢ Ls
*=0 it 75 € L,

we have z > 2ad if Ty ¢ Ls, and we can write
E {||5c;€+1 - 50||§‘5ck,wk} < |7k — &2 — 2, k. (3.13)
Let 7 be the stopping time defined as
7 =inf{t|%; € Ls, t > 0, t € N},
then 7 is the random number of non-zero elements in the non-negative sequence
{21172y and >°77 2k > 2067, where the series Y ;- 2 either converges to a finite

real number or diverges to infinity. By letting k& go to infinity in (3.13) and using the
non-negativity of a norm, we have

0 < ||& — 2|3 —E

Zzn] < || &0 — #|2 — 200E [7] (3.14)

n=0



and the bound

. 1 .
EfF] < 5—=ll@o - 5 = 5 llwo — 5. (3.15)
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Now let 7 be the stopping time defined as
T = inf{t|z;, € Ls, w, =14, t >0, t € N}.

This means that the stopping conditions will be fulfilled when x; is in the set Lg
and the Markov chain is in state 4; note that f(x,;) < f*+ % + 0. By using the
recurrence time R}, which counts the number of elements in the original sequence
{z1}72, between the elements in the sampled sequence {Z}7° ), we can write

F
T = Rk*l’
k=1

where 7 > 1 since xyp ¢ Ls by assumption. Since 7 is a stopping time for the
sequence To,Z1,..., occurrence of the event {7 > j} is decided by the sequence
Zo,...,Zj—1. In particular, I{7 > j} = an;lo I{Zm ¢ Ls}, where I{-} is the indi-
cator function of the event {-}. Furthermore, due to the construction of {Z}7°, and
{Rk}k ° o> and the Markov property of the sequence {wk} o o, the recurrence times
R; 1 RS, R_]-i—l’ ... are 1ndependent of Z;_1,%Zj_2,%j_3,.... More specifically, we have
that E [I{7 > j}Ri_,] = E[H o H{&Em ¢ Ls}Ri_,| = P{7 > j}E[Ri_,], where
P{-} denotes the probability of the event {-}. Using the previous properties and a
Wald’s identity type of argument (see, e.g., [3, Theorem 5.5.3]), we have

l {T_l}sz 1

E[{7=1}R}_,] =Y Y E[I{f=1}R} ] = (3.17)

1 k=1 1=k

E[r]

(3.16)

gk HM@
M-

)
[M]¢

E[I{7 > kR ] = ) P{7 > K}E[R, | =E[FE[R}] < (3.18)

=
Il
—

k

2o — Z|3- (3.19)

1

=

<

[\
(%)

«

The change of summation order in (3.17) holds since the series converges absolutely:
S Sk B (17 = DRy | = S, S B (17 = Ry | = EFIEIR)] <
where we used the non-negativity of 7 and R}. The relation Y -, P{7 > k} = [ ],
used in (3.18), follows from [3, Theorem 3.2. 1] Since (3.19) holds for arbitrary & in
X*, we can replace ||z — Z||? with (dist«(z0))%. O

Remark: The results in this section show that our proposed algorithm (2.1) can
solve the optimization problem (1.1) in a distributed fashion relying only on neighbor-
to-neighbor communication. Lemma 1 demonstrates how the forwarding probabilities
(and hence the complete Markov chain) can be constructed by each node using only in-
formation from neighboring nodes. Theorem 1 establishes that the algorithm becomes
increasingly accurate as « decreases, while the convergence rate becomes slower.



TABLE 4.1
Upper bounds of the expected number of iterations, E[r], needed to reach the accuracy
ming<;<, f(z;) < f* +~. For brevity!, let D = NC2y~2 (dist x (xo))z.

Algorithm  E{7}

DISM N2D
RISM ND
MISM KD

4. Comparison with Existing Incremental Subgradient Algorithms. For
the DISM and the RISM, there exist results of the same type as Theorem 1, i.e.,

. . - p
=f* th E[7] < — 4.1

oglllgff(xl) frraftvw 7= av’ (41)

where 3 and p are positive constants that depend on the algorithm. To compare the

algorithms, we need to compute for each algorithm the minimum expected number

of iterations needed for a given accuracy (ming<;<, f(x;) = f* 4+ ~). For the general

case (4.1), we get the following optimization problem

minimize £ maximize av
a,v av a,v o = 575
subject to af +v <~ < 4 subject to af+v=r = =
a>0,v>0 a>0,v>0 27

Using these optimal values, we compute an upper bound of the expected number of
iterations, E[7], needed to reach the accuracy ming<;<, f(x;) < f* 4 for the DISM,
RISM, and MISM. The results are presented in Table 4.1. Since

w2 e(m] =z | (Soen) | 22| Zner] 223 mo] -

where we used the non-negativity and integrality of vy (n), the results in Table 4.1
indicate that the RISM is the best algorithm, and that the ranking between the DISM
and the MISM will depend on the topology of the network as well as the transition
probability matrix of the Markov chain. However, it is not only the expected number
of iterations that are of interest; in applications, the ease of implementation and energy
consumption are crucial. Experiments show that the MISM has favorable properties
in these two respects, as reported in [5, 4], but this topic will not be further pursued
in this paper.

It is interesting to note that we can recover the DISM and RISM from the MISM
by choosing the transition probability matrix in the following way:

01 0 N N
0 0 1 .. N N
Ppism = | . .| and Prism = | :
- 1 1
1 0 0 N N

IThe constant C is defined in a slightly different way for DISM and RISM in [10]. There it
is assumed that the norm of the subgradients for the actual trajectory of the algorithms are upper
bounded by C'. This is more general and less conservative than our definition of C, but it is very hard
to check if it is fulfilled and therefore not practical. Our analysis also holds for the less conservative
definition of C'.



with
E[RDISM] = N2 and E[RRISM] = 2N2 — N.

The transition matrix Ppigy will make the Markov chain deterministically explore the
topology in a logical ring and R: = N. Note that the Markov chain corresponding to
Ppism does not satisfy Assumption 1, since it does not have a stationary distribution
and is periodic, but the analysis in Theorem 1 still applies. The transition matrix
Prism will make the Markov chain jump to any node in the topology with equal
probability at each time step, precisely as the RISM, and E[Rrism] = 2N? — N by
Lemma 3. The convergence bound given by the MISM analysis for Ppism is identical
with the convergence bound given by the DISM analysis. On the other hand, the
convergence bound given by the MISM analysis for Prism is much worse than the
original RISM result. This is due to the fact that in the original RISM analysis all
iterates are analyzed, while in the MISM analysis, only those iterates at the arbitrary
starting state are analyzed.

5. Conclusions. We have proposed a novel randomized incremental subgradient
method that is well suited for decentralized implementation in distributed systems.
The algorithm is a generalization of the RISM and DISM due to Nedi¢ and Bertsekas.
These algorithms can be recovered by choosing the transition probability matrix in
a special way. The algorithm has been analyzed in detail with a convergence proof
as well as a bound on the expected number of iterations needed to reach an a priori
specified accuracy.
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